This paper is concerned with the existence of positive periodic solutions for the prescribed mean curvature Rayleigh equations with a singularity. Our results are based on the Manásevich-Mawhin continuation theorem. The results to be obtained here extend the existing ones in the literature. Moreover, an example is given to illustrate the applicability of our results.
Introduction
The Rayleigh equation arises from many applied fields, such as the physics, mechanics, and engineering technique fields. So, it is meaningful and necessary to study the periodic solutions for the Rayleigh equation. In , Gaines and Mawhin [] discussed the existence of solutions for the following Rayleigh equation:
u (t) + f u (t) + g t, u(t) = .
By applying the continuation theorems, Gaines and Mawhin proved that the Rayleigh equation can support periodic solutions.
In recent years, the prescribed mean curvature equation and its modified forms have been studied widely since they arise from some certain problems associated with differential geometry and physics such as combustible gas dynamics; see [-] and the references therein. Due to the wide range of application background of the prescribed mean curvature equations, many researchers have worked on the existence of periodic solutions for the prescribed mean curvature equations. For the related papers, we refer the reader to [-] .
On this basis of work of Gaines and Mawhin [] , some researchers discussed the existence of periodic solutions to some types of prescribed mean curvature Rayleigh equations; see [, ] and the references therein. For example, by using Mawhin's continuation theorem in the coincidence degree theory, Li et al. [] considered the periodic solutions for the following prescribed mean curvature Rayleigh equation:
where τ , e ∈ C(R, R) are T-periodic, and f , g ∈ C(R × R, R) are T-periodic in the first argument, T >  is a constant. Singular equations appear in a great deal of physical models and play an important role in the differential equations. Recently, Lu and Kong in [] extended the prescribed mean curvature Liénard equations to the singular case and studied the positive periodic solutions for the following prescribed mean curvature Liénard equation with a singularity:
where σ = kT , k = , , . . . , n, f and g : (, +∞) → R are continuous functions, g can be singular at u = , i.e., g(u) can be unbounded as u →  + . e(t) is T-periodic with T  e(t) dt = . In order to establish the existence result of positive periodic solutions, the authors gave the following conditions: 
where g :
Compared with the results in the literature, the prescribed mean curvature Rayleigh equations with singular effects have been scarcely studied.
Inspired by the above facts, in this paper, we further consider the following prescribed mean curvature Rayleigh equations with a singularity:
where f ∈ C([, T] × R, R) is a T-periodic function about t and f (t, ) = , g : (, +∞) → R is a continuous function and has a strong singularity at the origin: 
which is crucial to obtain the priori bounds of T-periodic solutions for equation (.). However, the first order derivative term in equation (
then it is easy to see that
. This implies that our method to complete estimate the priori bounds for all T-periodic solutions to equation (.) is different from the corresponding ones. 
Remark . From [] and [], the conditions composed on e(t) and p(t) are T  e(t) dt =  and
T  p(t) dt = . But,
Preliminary
Throughout this paper, for any T-periodic continuous function u(t), we always use the notations as follows:
In order to use Lemma ., let us consider the problem
) is a solution of (.), then u(t) is a solution of (.).
Lemma . ([])
Assume that there exist positive constants E  , E  , E  with E  < E  such that the following conditions hold:
has at least one positive T-periodic solution.
Lemma . ([]) Let u(t) be a continuously differentiable T-periodic function. Then, for any t
For the sake of convenience, we list the following assumptions:
(H) There exist positive constants m  and m  such that
(H) There exists a positive constant a such that
(H) There exist positive constants β and γ such that
Main results
In this section, we will consider the existence of positive periodic solution for (.) with a singularity. First of all, we embed equation (.) into the following equation family with a parameter λ ∈ (, ]:
v (t) = -λf (t, φ(v(t))) -λg(u(t -τ )) + λe(t).
(.) 
Theorem . Suppose the conditions (H)-(H) hold, aπ > m  T and
Proof Let t, t, respectively, be the global maximum point and global minimum point u(t) on [, T]; then u (t) =  and u (t) = . We claim that
In fact, if (.) does not hold, then there exists ε >  such that v (t) <  for t ∈ (t -ε, t + ε).
Therefore, v(t) is strictly decreasing for t ∈ (t -ε, t + ε). Thus, from the first equation of (.), we can see that u (t) is strictly decreasing for t ∈ (t -ε, t + ε). This contradicts the definition of t. Therefore, (.) is true. From the second equation of (.), (.) and f (t, ) = , we have
In a similar way, we get
It follows from (H), (.) and (.) that
Thus, we can see that there exists a point
Multiplying the second equation of (.) by u (t) and integrating over the interval [, T], we have
which together with (H) and (H) gives
By using Lemma . and (.), we have
Since aπ > m  T, we have
By means of the Hölder inequality, (.) and (.), we have
Clearly, A  is independent of λ. From the second equation of (.), we have
Furthermore, from (.) and (H), we get
Substituting (.) into (.) and by using (H), (.) and (.), we can obtain
Integrating the first equation of (.) on the interval [, T], we have
Then we can see that there exists η ∈ [, T] such that v(η) = . It implies that
which together with (.) yields
Clearly, A  is independent of λ.
From the first equation of (.), we can see that
Clearly, A  is independent of λ.
In the following, we will prove that there exists a positive constant A  which is dependent of λ such that
Indeed, it follows from the second equation of (.) that
Multiplying both sides of (.) by u (t) and integrating on [
Furthermore, by (.) and (.) we obtain
By using (H) and (.), we have
Substituting (.) and (.) into (.), we obtain it is easy to see that E  < C < E  is satisfied. Thus, the condition () of Lemma . is satisfied.
